Wave Simulation Using an Internal Wave-Maker
in a CIP-based Model
Zhouteng Ye, Mengyu Li, Xizeng Zhao∗
Ocean College, Zhejiang University,
Zhoushan 316021, Zhejiang, People’s Republic of China

ABSTRACT
A non-reflection internal wave-maker using a momentum source function
is coupled with a CIP-based model. The momentum source term derived
from the Boussinesq water wave theory equations is employed and added
to the Navier-Stokes equations for wave generations. The influence of reflected waves, which is a big problem for a boundary wave maker when
containing the interaction of waves and structures, can be avoided by
using the internal wave-maker method, because the waves generated by
the source function do not interact with reflected waves. A constrained
interpolation profile (CIP)-based model is employed to solve the incompressible Navier-Stokes equations with the free surface boundary condition to deal with the water-air-structure interactions. In addition, the
VOF-type tangent of hyperbola for interface capturing/slope weighting
(THINC/SW) method is used to capture the free surface. The structure
is treated by an immersed boundary method. A series of numerical simulations using the momentum source wave-maker are compared with the
analytical solution to verify the applicability in a two dimensional numerical wave flume. Furthermore, a more challenging wave decomposition process over a submerged trapezoid breakwater is presented. The
numerical results of wave surface profile show a good agreement with
the experimental results. It indicates that the CIP-based model with the
non-reflection internal wave-maker can provide a more robust modeling
of wave generation and wave-structure interaction without being affected
by the reflected wave.
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INTRODUCTION
Wave generation plays an significant role in numerical wave flumes.
During the development of wave simulation, three types of numerical
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methods for wave generation have been developed based on continuity
and Naiver-Stokes equations: internal generation of waves, static
boundary wave generation, and moving boundary wave generation. A
key challenge for numerical models is to maintain the incident wave and
minimize unwanted reflected waves from structures. The static boundary
wave generation and moving boundary wave generation usually need
an special treatment in generation boundary in order to avoid reflected
waves. The internal wave-maker, which generates wave from a region
inside the numerical flume and absorbs wave at two ends of the flume,
provides a good non-reflecting property. The reflected wave propagates
over the wave maker zone without affecting the wave generation and is
finally absorbed by the sponge layers.
Two typical internal wave-makers have been developed, including mass
source (Liu and Lin, 1998) and momentum source approaches (Choi and
Yoon, 2009, Ha et al. 2013). The mass source approach is achieved by
adding mass source into the continuity equation. This approach has the
capacity of generating linear or non-linear monotonic waves and random
wave, but the generation of wave may not be stable with the change of
wave parameters. Instead of the mass source term added to continuity
equation, the momentum source approach is derived from the source
term in Boussinesq equation and added to the Navier-Stokes equations.
It can generate more stable linear wave than the mass source approach.
In this paper, an internal wave-maker is coupled with a CIP-based model.
The momentum source term is derived from the linear Boussinesq
equations by Wei and Kirby (1999) and added into the Navier-Stokes
equations. In order to maintain the high resolution of free surface flow,
a CIP-based algorithm is used to solve the Navier-Stokes equations.
The advection term is solved by a third-order accuracy CIP scheme
and the diffusion term is solved by an explicit central scheme. Finally
the pressure Poisson equation is solved by a successive over relaxation
method. In addition, the free surface is captured by a VOF-type
THINC/SW scheme and the internal solid boundary is modeled by an
immersed boundary method.
The sketch of the numerical flume is shown in Fig. 1. The computational
domain includes a wave maker zone located inside the numerical flume,
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Fig. 1 Coordinate system and schematic illustration of wave components

The governing equations for two-dimensional incompressible viscous
fluid are the continuity and Navier-Stokes equations, expressed as

where x is the x-coordinate, and t is the time. ω is the wave frequency
and β is a factor related to the width of source region expressed as
β = 80/δ2 L2 , where L is wave length and the value δ = 2W/L is related with the wave maker region width W. It should be noted that the
value β is determined as long as W/L is set to a required length ratio.
The exponential term exp(−βx2 ) indicates that the magnitude of momentum source term gets maximum near the middle line of the region and
decays with increase of the distance to the middle line. When |x| = W/2,
exp(−βx2 ) = exp(−5) is almost 0, which means no source term when
|x| > W/2. More detailed discussion about the value of W will be taken
in Section. 3. The source function D is determined by

∇ · ~u = 0 ,

(1)

D=

∂~u
1
µ
+ (~u · ∇)~u = ∇p + ∇2~u + ~g + f~,
∂t
ρ
ρ

(2)

a working zone and two sponge layers located at the left and right boundaries. The internal wave-maker is firstly validated with the propagation
of waves, including the propagation of short and long waves. Furthermore, a more challenging wave decomposition process over a trapezoid
breakwater is presented.

NUMERICAL MODELING AND SCHEME
Governing Equations

where ~u and t are the velocity vector and time, respectively; f~ is the
momentum source including the wave maker and the damping layers; ~g
is gravitational acceleration; ρ and µ denotes the density and viscosity,
respectively.

∂φ
+ ~u · ∇φ = 0,
∂t

(3)

where φ is the volume fraction function, which is used to update the
density and viscosity in Eq. 2 by the following expression
λ=

3
X

φm λm

,
(6)
ωI1 [1 − α(kh0 )2 ]
p
where I1 = π/β exp(−k2 /4β). For the monochromatic wave, H0 is the
wave height, h0 is the still water depth, α1 and α are the parameters in
the Boussinesq equations and they have the following relations:
1
α1 = α + ,
3
α=

The free surface is captured by solving the following equation

(4)

m=1

where λ is density ρ or viscosity µ and the subscribe i indicates phase
of fluid, i = 1 indicates water phase, i = 2 indicates air phase and i = 3
indicates solid phase.

Internal Wave-Maker and Damping Layers
Following Wei and Kirby (1999) , Choi and Yoon (2009) and Liu et al.
(2015), the x-coordinate momentum source term is expressed as

H0 (ω2 − α1 gk4 h30 )

z2α
zα
+ ,
h
2h20

(7)
(8)

where zα denotes the representative velocity position in a depth-averaged
model, and usually takes zα = −0.53h0 (Wei and Kirby, 1999).
The damping region is implemented as the sponge layer in this study.
The coefficient is set as a commonly adopted form
n i
h
st | c
−1
exp |x−x
xab
Ab = cα
,
(9)
exp(1) − 1
where Ab is the absorbing coefficient, x st and xab are the starting position
and length of the absorbing region, respectively. cα and nc are the
empirical damping coefficients to be determined via the numerical test.
In this paper, nc =10 and cα = min {200, 0.9/δt}, where δt is the computational time step. Instead of a constant value of cα , this alternative
way avoids the negative value from occurring when the time step is large.

Numerical Scheme and Solving Procedure
S = −g(2βx) exp(−βx2 )

D
sin(−ωt),
ω
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By substituting Eq. 10 into Eq. 2, the Eqs. 1 to 3 can be solved by an
uniform procedure.
A staggered Certisian grid system is used for the spatial discretization.
Computational grids are refined in significant areas such as the regions
near the water surface and around the breakwater. For the fluid flow
solver, a fractional step procedure is used to solve the governing
equations. First, the advection term is calculated by a third order finite
difference scheme, the CIP scheme. Then first part of the nonadvection
term is calculated by a second order central difference method, and the
velocity is finally updated by the pressure calculated from the Poisson
equation. After solving the flow field, the volume fractional function is
calculated by the THINC/SW scheme. In addition, the solid boundary
of structure is modeled by an immersed boundary method. More details
and discussion about this CIP-based model can be found in the reference
of Zhao and Hu (2012).
It should be noted that the main significance of our numerical model
is to apply the CIP scheme to the advection term in the Navier-Stokes
equations. The CIP scheme is a third-order accuracy scheme for
hyperbolic equations. The main novelty of this scheme is the explicit
construction of interpolation polynomial from the variable and its
derivative in two computational grids. Owing to this property, the
advection equation is solved with high accuracy and compactness (Yabe
et al. 2001). By coupling the CIP-based scheme of the Navier-Stokes
equations with internal wave-maker, a high resolution of the generation
and propagation of wave can be obtained.
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Fig. 2 Comparison of free surface elevation of case 1 with dffferent source region widths at (a) x/L = 0, (b) x/L = 1.5 and
(c) x/L = 6.5.

be noted that in the case when wave propagation with an uniform basin,
the computational grids is uniform in x-direction and refined near the still
water level in y-direction.
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In this section, the internal wave-maker is validated with monochromatic
waves, including a linear short wave and a non-linear long wave. Wave
parameters for two tests are listed in Table 1. Wave parameters in case 1
is the same as Liu and Lin (1999) except for water depth, a deeper water
depth of 0.4 m is adopted so that kh0 become 1.17 (In Lin and Liu (1999),
the water depth is 0.2 , and kh0 = 1.04). The second test is set same as
the Liu et al. (2015). In both tests, 7 numerical wave height probes are
set locating at x = mL, where m = 0, 1.0, 2.0, 3.0, 4.0, 5.0, 6.0. It should

4

W/L=0.125
W/L=0.0.25
W/L=0.375
W/L=0.5
W/L=0.75
W/L=1.0
W/L=1.5

MODEL VALIDATION
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2

(11)

η/A 0

The source term in Eq. 2 is expressed as


S ~e s ,
for wave ma ker region



Ab U~eb , for damping region
,
f~ = 


 0,
otherwise

case 2
0.4
2.0
0.04
-10 to 40.0
2.0
500 × 79
5.0 × 10−4

η/A 0

case 1
0.4
1.0
0.01
-6.0 to 20.0
1.0
520 × 86
1.0 × 10−3

η/A 0

Water depth h0 (m)
Wave period T (s)
Wave height H0 (m)
Length of the flume (m)
Minimum grid size (mm)
Total grid numbers
Time step (s)

(a)

2

η/A 0

Table 1 Wave parameters and computational parameters for the
validation of internal wave-maker
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Fig. 3 Comparison of free surface elevation of case 2 with dffferent source region widths at (a) x/L = 0, (b) x/L = 1.5 and
(c) x/L = 6.5.
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Fig. 4 Numerical results of free surface elevation of case 1 comparing against linear solution and second-order Stokes solution at (a) x/L = 1.5,
(b) x/L = 2.5 and (c) x/L = 3.5, (d) x/L = 4.5, (e) x/L = 5.5 and (f) x/L = 6.5.
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Fig. 5 Numerical results of free surface elevation of case 2 comparing against linear solution and second-order Stokes solution at (a) x/L = 1.5,
(b) x/L = 2.5 and (c) x/L = 3.5, (d) x/L = 4.5, (e) x/L = 5.5 and (f) x/L = 6.5.

The effect of wave maker region width
For a given target wave, a certain amount of momentum should be
generated within the wave maker source region. Thus a thin region will
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lead to large magnitude of momentum, and a large gradient will also
occur. Those may affect the stability and computational cost of the
numerical model.
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In this study, 7 tests with different source region widths of W/L =
0.125, 0.25, 0.375, 0.5, 0.75, 1.0, 1.5 are tested with case 1 and case 2,
numerical results are shown in Figs. 2 and 3. The wave gauge locating
at x/L = 0 corresponds with the center line of wave maker region. It is
observed in Figs. 2(a) and 3(a) that the amplitude at x/L = 0 decreases
with the increase of source region width. In case 1, the amplitude
corresponding with W/L = 0.125 results is almost 3 times as large as
the target wave amplitude (See Figs. 2(a)). While in case 2, large
magnitude also occurs and the wave becomes strongly non-symmetric
(See Figs. 3(a)). Although the integration of momentum source in the
narrow region equals to the desired momentum, this unwanted large
magnitude may affect the generation of wave. The evolution of water
level at x/L = 2.5 and 6.5 shows that monochromatic waves generated
by different source region widths are close to each other except for wave
generated by x/L = 0.125.
We further analyze the difference among waves generated by different
region widths by estimating error by the following equation
r
n
P
(ηi − η̃i )2
i
ε=
,
(12)
n
where η is the computed surface elevation and η̃ is the theoretical
surface elevation. n indicates the number of sampling value in a specific
period. In this study, the error is estimated from dimensionless time
t/T 14 to 20. The averaged error of 6 numerical gauges outside of
the source region are shown in Table. 2. It should be noted that case
1 is estimated with η̃ computed from linear wave theory and case 2 is
estimated with second-order Stokes wave theory. The averaged error
indicates that when x/L falls between 0.25 to 1.5, numerical results have
good agreement with analytical solution, while for a very narrow region
(x/L = 0.125), the error increases. In this paper, the width of the wave
maker region is adopted as W/L = 0.375.

Table 2 Averaged errors of computed surface elevation from x/L
= 1.5 to x/L = 6.5 estimated with analytical solution. It
should be noted that case 1 is validated with linear solution
and case 2 is validated with second-order Stokes solution.
W/L = 0.125
W/L = 0.25
W/L = 0.375
W/L = 0.5
W/L = 0.75
W/L = 1.0
W/L = 1.5

Error (case 1)
2.81 × 10−4
7.07 × 10−5
6.41 × 10−5
6.82 × 10−4
5.53 × 10−5
6.10 × 10−5
6.74 × 10−5

Table 3 Errors of computed surface elevation estimated with analytical solution. It should be noted that case 1 is validated
with linear solution and case 2 is validated with secondorder Stokes solution.
x/L = 1.5
x/L = 2.5
x/L = 3.5
x/L = 4.5
x/L = 5.5
x/L = 6.5

Error (case 1)
1.10 × 10−5
6.65 × 10−5
9.72 × 10−5
8.40 × 10−5
5.35 × 10−5
7.22 × 10−5

Error (case 2)
9.35 × 10−4
1.60 × 10−3
2.99 × 10−4
3.83 × 10−4
2.94 × 10−4
4.34 × 10−4

In case 1, a stable wave propagation in time and space is found with
good agreement with the analytical solutions of target wave (as shown in
Fig. 4). For case 2, although the wave maker theory is based on linear
wave theory, the numerical results shows that it has good agreement with
this monochromatic wave with non-linearity. It is interesting to find that
the wave profile varies among different gauges, at the positions close
to the wave maker region (x/L = 1.5, 2.5 and 3.5), the wave is close
to the linear wave while the wave profile at the position far from the
wave maker region is close to the second-order Stokes solution. It is
also found that the trough of the monochromatic wave is slight going
down at x/L = 1.5, this can be explained by the horizontal net mass
transfer of non-linear wave. Unlike linear wave, the motion of water
particle is not fully symmetric in one period, thus a net mass transfer
occurs in the horizontal direction. The momentum source region does
not have any mass source to compensate the lose of mass transfer, so
that the averaged water depth of the wave maker zone actually decreases
during the generation of waves. With the evolution of time, the averaged
water depth close to the wave maker region also decreases. However,
according to the numerical result, this mass transfer has little effect on
the points far away from the wave maker region in a time scale of 20
periods.

Error (case 2)
1.42 × 10−3
7.95 × 10−4
6.57 × 10−4
6.92 × 10−4
7.06 × 10−4
6.63 × 10−4
6.36 × 10−4

Propagation of Monochromatic Wave
The elevation of water surface at each wave height gauge is plotted
in Figs. 4 and 5. The error between computed results and analytical
solution is also computed by Eq. 12. The small-amplitude short wave
in case 1 can be classified as linear wave, thus the analytical solution
of linear and second-order Stokes wave theory are almost the same in
Fig. 4. Thus the error is only estimated with linear solution. While
non-linearity is found for the large-amplitude (comparatively large to
case 1, although still classified as small amplitude wave) long wave in
case 2, leading to a difference between linear and second-order Stokes
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solution (as shown in Fig. 5). Thus the numerical results are estimated
with both analytical and second-order Stokes solution in Table 3.

Fig. 6 Sketch and gauge position of submerged trapezoid breakwater

MODEL APPLICATION: WAVE DECOMPOSITION ON A
TRAPEZOID BREAKWATER
Model Setup
The interaction between the wave and a submerged breakwater is also
a popular topic in coastal researches especially in a numerical wave
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flume. We examine regular waves over a submerged bar using the
experimental data introduced by Beji and Battje (1993). The sketch of
the numerical simulation is shown in Fig. 6, which corresponds with
the experimental set-up of Beji and Battje (1993). The 2D numerical
flume is 36 m in length and 0.5 m in height, the water depth h0 is 0.4 m
and the center of the wave generation region is located at x = 0.0 m. It
contains wave damping regions on both sides with the width of 8.0 m,
which absorbs the unwanted wave including secondary reflection. The
submerged obstacle with a height of h s = 0.3 m is placed between the
interval x ∈ (3.5 m, 14.5 m) at the bottom of the numerical flume, with a
front slope of 1/20 and back slope of 1/10. Six wave gauges are placed
near the submerged breakwater locating at x = 8.0 m, 10.0 m, 11.0 m,
12.0 m, 13.2 m, 14.8 m. Gauge (a) is located at the front slope, gauges
(b) and (c) are located at the top of the submerged breakwater, gauges
(d) and (e) are located at the back slope and gauge (f) is located off the
back slope. The incident wave period is 2.02 s and the wave height is
0.02 m, which corresponds to a dispersion parameter kh0 ≈ 0.7. The
total computational grid number is 790 × 176 and the minimum grid
spacing is ∆x = 2.0 × 10−2 m and ∆y = 2.0 × 10−3 m, corresponding
with approximately 1/190 of wave length and 1/20 of wave height
respectively. The time step in this case is 2.0 × 10−3 s.

Numerical Results

CONCLUSIONS
By applying the internal wave-maker into our CIP-based model, the target wave is generated with favorable accuracy and high stability. The
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In Fig. 9, three wave periods of wave forms are plotted in comparison
with the experimental data of Beji and Battjes (1993) and numerical results of Chazel et al. (2011) and Liu et al. (2015). Also this enables a
more clear view to wave evolution at different positions. Beginning from
gauge (a) locating at the front slope of the breakwater, non-linearity increases with the propagation of wave over the submerged breakwater,
which can be observed in Figs. 9 (b) and 9 (c). The harmonic wave occurs and gains more energy, then begins to separate in Figs. 9 (d) to 9 (f).
All numerical results shows comparable agreement with the experimental data. The numerical results of CIP-based internal maker is observed to
be more stable on wave profile when compared with ISPH results, especially at gauges (b) to (f) where strong non-linearity and decomposition
occur.
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To observe the stability of the computed waveforms, the long time
simulation results are presented in Fig. 8, in which the recorded data
are taken from 16 s to 40 s, approximate 12 wave periods. Owing
to the efficient internal wave-maker and high resolution CIP-based
numerical solver, the wave propagates periodically at all 6 wave
guages. In addition, this stationary evolution is also contributed by the
implementation sponge layers at two sides of the flume, the unwanted
reflecting wave is almost perfectly eliminated by this sponge layer. The
stability of the wave profile means the ability of long-time simulation,
which would be very useful in numerical flume in coastal engineering.

Fig. 7 Snapshots of wave profile at time by CIP-based internal
wave-maker
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Four snapshots of the wave profile are plotted in Fig. 7. It is observed
that the incident wave shoals when it encounters the upward part of the
bar, which generates high-order harmonics as the nonlinearity increases.
After propagating over the top of the submerged breakwater, these
high-order harmonics are then freely released on the downward slope,
and become deep-water waves behind the bar. Besides, it is also found
that the wave is becoming damped when it reaches damping area at two
ends of the flume.
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Fig. 8 Long time evolution of wave surface profiles using internal
wave-maker.

effect of the source region width indicates that the width should not be
too narrow during the numerical implementation. The comparison with
experimental and numerical results indicates that this numerical flume
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-1

has the capability of generating long-time stable monochromatic wave
without being affected by the reflected wave. Furthermore, the numerical
results of wave dispersion over a submerged breakwater show a favorable
agreement with experimental results and previous numerical results, indicating our CIP-based numerical flume with internal wave-maker has the
capacity of accurately studying the wave-structure interaction in coastal
engineering.
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Fig. 9 Computed free surface elevations (plotted with black solid
line) on six wave gauges compared with experimental
data (Beji and Battjes, 1993, plotted with dot), ISPH results (Liu et al. 2015, plotted with gray line) and threeparameter Green-Naghdi results (Chazel et al., 2011, plotted with dashed line at (e) and (f)). It should be noted that
the ISPH results is computed between 33 s to 39 s.
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